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Exact micromechanical stress analysis of long fiber composites under
uniform tensile loading
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In this paper, based on a systematic procedure in the field of theory of elasticity, it is tried to establish an
exact closed form solution for the problem of a long-fiber composite representative volume element (RVE)
under uniform tension loading condition. To this end, the RVE of long fiber composites is considered. The
RVE is composed of two concentric cylinders where the inner and outer ones are of fiber and matrix
materials, respectively. Consequently, this study deals with an axially symmetric problem of the theory of
elasticity. Using the Love function for axisymmetric problems, the Navier equilibrium equations for
displacement components are converted to a single biharmonic equation in terms of the Love function.
Then, a general expression for the separable solutions of biharmonic equation in cylindrical coordinates is
derived. Next, according to the boundary conditions and physical interpretations, appropriate terms from
separable solutions are chosen and a solution is suggested. In the final step, the unknown constants in the
suggested solution are computed by using the boundary conditions. The obtained exact solution satisfies
the entire field equations of theory of elasticity. Using this solution, the exact distribution of stress and
displacement field components of the RVE is determined and related numerical results are presented. Based
on the exact solution, an expression for the equivalent longitudinal modulus of composite is obtained and
compared with the well-known rule of mixture formula. This comparison reveals that the rule of mixture
can be a good engineering approximation for the equivalent longitudinal modulus.

Please cite this article using:

10ug Lod oolisiw! y ) wyle 1 dllio cpl o gl 6l 0

Rahnama, H. and Shokrieh, M. M., “Exact micromechanical stress analysis of long fiber composites under uniform tensile loading”, In Persian, Journal of Science and
Technology of Composites, Vol. 2, No. 3, pp. 1-10, 2015.



RN SisS GIAT )L s aaly BWIL ok 985 @) gaelS ) LS SSBley ySle (a8 Jud=xs

S g o S i ) s sl S ) St Bpre ez
oy (V) JSCE) ail el oals blxe o jile Guiz 5l (JBg sailgil
Ol Cajgals J5 (Sl jl8, Siloy Byre ez pledl 0l i
Oledl 5o BLIL ez Connd a5 098 axgi el VIS H0 al ool

2
. . . a .
6W)odu|§@qowbx|ﬁ‘vlz(z) O yre (o>
w
o ©
© o0 o o
hH® @ @€ e e ¢

aly LI 51 e 25000l5 (gamio alais slod ) K%

Cjeeals Bpre (oo Ll (A5 oS 69, p 2l gl S e
685 Glae p ClgpSy rnS (6,080 cow aily BN L oo ol
sl ol Gy B0 sain Jo SOl Gaa el aaclY!
Alpi ¥l (65955 50 gl OVolrs coled a5 slaisS @ el (65 0 laie
ool ded Loyl gie Iylid g )85l Yol (Jols O¥olae gimy
&SLQJ"’ 6‘)’.‘ (T o 6413.....A S5 ul}..c L ..\...llj.\‘_so d,da LSL°J>
S8 Az gl 0500 (8 ke b e jshiien 5 sgame Lol g (soue
o) bdlgiul jeme 4 s aliis ol Gy W 4 Ay L0,
DS oo P iV (6595 5)97e o)l Pl s0505 53 alies
ool o ead &l ganas la o olisS (69,0 A slsl o oSS cpay
A dples aSls 039>

G Gl Jluw sl 0wty gl Glgie IS ok
odas (Gawd duw 4 ) auly Bl CujeelS B e coz> Ll b i je
10900 (posandls
JEl oy gladse plo 57 Bp 236 6585 2 Gee slad> )
-
Tt ol slatg) 2 e sl Y
WtV (6555 (e DYSlas 5 (e 555 Gaus o> -
Sled & (o, (8 Slad> pg 9 gl sladivs 4 byrpe sla > oS
Gods hlie o S o Loyl 1 Slage o¥olee oled 45wy
e b Jels b 4 a5 M blre sas ;5 S sloe sl 1, Slagles]
Sialoyl Jols Sliglegl 5l alam cpl lesls ol a3, 15 aree; ;o
bl Al VGBLI a8 e Gales] Al s 5 pan aSsas
D] e iy Sl alis Giabesl 5 Vel Vg liSaluie-g Sl
o5 i Lol aied g Jh cliglos] ol 4 bgse bt asl e
655 S Jalog ool Jow 5l eslasul 4y sgamme 9)lse 25T 50 by oyl

5. Shear Lag Theory

6. Stress Transfer

7. Variational Method

8. Embedded Fiber

9. Single Fiber Fragmentation Test
10. Fiber Pull-Out

11. Micro Indentation

12. Microdrop Debond Test

doudo -
law 55665 mbo jo slos il sloo )5 iy jemlS 5 slaans o
35 Sy dag] b bl enlin SilSagey ol les S
ool pla Sy ez 5l L Jood j0 Vb QUIs5 5 (b 0 «ples s
oo ol 0wl eal G o olge ol 1 JLiiul e a5
Sl 30 lofas ol 5wl SLII L ol Cusls slacyjslS
()093 o (Sile SiS Caio (gl Cais i alise (slojle
Gaddlhe s (e 4 iien 05 Koo mlio 5 Sl Ceis
3ol 4z g5 0 90 aily BLITL ool sl slacyjaals  SLIS LS,
RO PVEI S JERENE: T NN K CPE

et (Selisl (38 )L Cod (S e dlge (Sl sl Judos po
ol S0y 5o o800 4y pawse a5 Jol olFays o ks sgzg olfays g0
IS &8lg 50 g s JB (S o so0le onims S5 slojlh Gl sl

e - e .
o O Smgpgisgl (Ked pezr So Spge ] Sy ool
Spo & VST Ky 45 55 oanlin b,y Sl ¥ (5,65
¥ . . <

@ aVar IS Sl )3 9 dsdes e Sug gl (Ses e S
Sglate ol Oloz b Sy 555,59l (Ked LY SS 5l lacgorme &j50
Lol wiS o Lol 1) Judos oBass opl az 51 0,5 o )13 Lo )50
ol (LaYSS elss Jle glye ) Jolos slp 53959 sloosls
ol Slge iz w4 plym pl a5 > s g b Slaslesl
Gy gl 00 (K o2 @ G o] (605138 (awain § ool
SeilSeg,ole oBFaus a4y pguge pgs oFaus  Jol sBaus jo avads cpl 0,8
sooke sonims LS slasls oBaus opl j0 0,5 o I3 axgi 0500
4 o)l o oB s ol g e 433,515 0 5ome Sl g0 4y S 5o
Iy oS o gosle J5 )8, 5 olss onijles sl (L8, 5 olss opnils L
Caz pY Olisbesl slawd el cpl el Sjpo 0 S oy
olFaus cpl uizmen .8l vl malS s S e soole (g3ludaztin
Dygo & S gosle ol slajle a5 85l e alE 1) ISl ol
50 ool 8550 sl ldow Ko (ggm 5l S 18 Jdod 550 ailSlas
L;).’YL Ls"""‘"‘l'z" > 6‘)‘0 9 yodusmn w‘lv.a L &Q&B)SALA olf_\.;‘b
At Sl ,SG 0B 4y S

e g 0disS Cosls ol ( Sileg,Sole sBuus jo aSyl 4 ax g5 L
5 s ciglgn 3,5 155 5 JalS oo &y el 13 o 5o 500l
diey g BLIL L oo 51 JSCase aS (obgS b auly BLIN) (glanis, Cojemels
S slade a4 (Bl Cens o 555k 4 ad walsS cazy s ol
DS (8 A ]y o) a5 30 slade S g B
B Dzed il Opdie (St (nl 53,5 Bk sy ojle o
5 owid L8] L San g g9 0] G5 LEX] o0 Y] GBL 4 55,5 D]

. I .

Az o O o fdod o Bire ez o)l pogas ) [v] 0392
Gz S osd Joolw ol sgam U Judo aS 0l oo s LIS (0]
s W X R o] ahaiie olul a5 0 2 Hl 0 IS datne oo (20 j90lS
amio Job gliwl)y jo ol SLI soles a5 0S5 3 abl [ axio Job
olell &5 siis sunie po Cpdicee ST Cdl Cpl o () USE) wes

1. Orthotropic

2. Classical Lamination Theory of Plates
3. Laminate

4. Representative Volume Element (RVE)

QLo L3 5)5US 9 pgle ay puiis

J

('Y

<



J 93018 5)9Ud 9 polc s yuis

(Y]

-

hu|9a.§xdmk5)l.\f)bhm.\.ab._9u|bo_\.m 985 W) 9aelS ) LS | SSBle 9 ,SNle 318 Sl

sl g Soel 4 bgipe (fmgh Gl (330 slad> b alal) s
) B S g B 25 g Jlas 095 idgh o byl .cenl [TV]
iz 550 byd 93 cod iy S o5l B pme oz Glell s
aS oy sdelie i wily 5l eslainl (Jo SaST sl 1B gwy 0590
Uy opl Mg dasie gdole SO Lalise glaaio, o] oy polie
ol i) e o (Sawm IVY] il T Sen Slad> 4 pgse
s by ] casls Jlos a1y o sy ol 51 Jlil pos daseiie saloles
shd 4 Job cod) g ke Cowd &5 Bire ez ledl gl il
oS |y datine gdlolae opl gloaia, Wil o3 5l 55,5 ol (Ll
51 eolital b opdiie Y] Gl 5 5,5 lawg 6,508 Lhagh o aln
e . . Y . . »
Wl SUL L35 09 st oy p 4 60 iRRp SESS
o Fle g SUI Gl baly mhaw (65 » Slsihie f Slog slagaly
S5 1y el ol BT o Sl en Al S b oS wd lsS
Lulyd 5l S o a5 Gl Fmgml e 5 go0e bl (o S
Slggame loslatunl b Wlos,S w5 wilaiiils g oad Jlosl (5550
5 55 Y] imgi b alie aims 205 1, Sllug ol ()Mo gl
Sl Gopme olite Jilas 5l waz goandsed S L s [F] oS
oo & Sl Sl glad by, Sl 485 &5 pbje 8 Siluen Slge
[V¥] 50 5 nb 6,500 Guiios ,o slansls y LI a5 050 saline
Colide omple glad o (nl (28 L) Al )5 ol aSTass el
5,5 &5l ela, F sle Ghle gl aleals 3 azg )90 cal
4 Cons gl 5 Lol Coje ainys] caws a4 bS5 olml I o
Oyge 4 pmple g S Gl Wign (B 50 Ged slaheg)
@ by s50 by aS opl Jglcasls Cosgame g0 lagyl Jo 040 JolSL
SeplS Sgo a4 LS g onis Loyl abds 4y aball &g 4 (g y9me LS
S pleie 4 e ple (28,5 a5 0 dnall aegs (Sl ool gldl asdl
ol dlis (Baing Jub 4 ag L ocwl SHn il o b
slod> slae pwi SUI lacyssnels b oakal, 0 650 Siagh
el 428,55 & jg0 380 (gdin

oS sl a5 ay oo a5 4 cage Dluol saiiig 4 axgi b
B 9z 4z 990 ail S CojerelS B ez lall eSSy
ol sl B i o dl)) Gas pagh cpl 0l a8 S5
SH9S ‘5>‘A~o SYolre yelaie cpl (glp sl (gipe Llade (galiuwe
O 88 Sl 0 b S ienl Sl plesl gl anasWl
Loogdise oY al a5 Sdge,losl galobe G a4 baud «5 9700
Slp sogee Ol S by Jigte cpighe ST 1 esland
Pl 53 05 oo )] Saiga ol alobas piylaz (s j3me o lite (sl
Jo sl e 5Y mli e sogas o ol 5l celin Sl el b ny
L > )0 99250 st Calgd Lo 00,5 o0 &)l (6550 Jlaie (galiuw
&lp gooe @l (S bl o anT e cans 4 gy Ll s 5l eolazl
D5 oo 03ls Byae goz> loll o Slulr 5 1 laue sloaddss &aje
slr Soke i e ol (pl Jo 5l o )8 plye & e
bl b g o0 apubome wily LI cyjaals Jobee Jsb SVl Jsous
00,5 oo duglie LYW 58 By yae

2. Homogenous Solutions
3. Crosswise Superposition
4. Cesaro Summation

5 a8 wsbos VY] LS8 i 103l 6,9 NSt ool (L3 5
el oad oS DY avgn b o Kemgh plo bawg aslsl o 4
S o salies gy @ a5 G JEL K00 (o0 B slaoe alex

ool oa @yl [0] G5, 5 V] 5,500 Lasgs el iz ls LI

¥ 3 5

Al BLIIL o0l oo CojgralS B yme caze ladl ¥ K2

G55 ol Sl Jgl ol plbcussame by 53U goole (5,955
OB S e e 5 sled Glo f b alal) o Sledbl 468 e
Suahl a5 cnl pes el som o Julos o Jawe opl 45 1 aso e
o o0ls Slpidiy ST Lawgs &5 (Lbp 23U Joo 0 (Bp S po
23S Syee 5o el Golo S YL e slacens sy ks
o> Comnd B 55 g0 b ath )5 ad 4545 anle Slasles]
hp b Joe o8 Sl (nl Cudgaze g el bl SUJI
G5 slaailse o5 e o 035 ood 0y | b B 55 lose S
Iv] oS s Loyl 1) Jolss @ ¥oles

OGS 3l e sl gbde a phows Gl
o 4 [T 00 oS el 51 (5o o el a8 8 50 o
S 5 @l Sy (Bore bgl 03lop oo aD,ST (pud aS5eSS galine
el VF] 55 5 g gy 51 gomets o5 (6590 )l Jils 512
b h9) 5l o 4 e WS (o0 Al 1) A plae (S0
SRS Olee IS 038 58 39250 Jsteme @l 0551 Cemd 4y 0 [1£0V0)
pomge &5 Ghgy (nl 5o S (e osliiul ST JoSe (6551 (39 aieS” Jol
Spdisn dmbre Joud Ll 55 laee S etenl Dl Gl ) &
5 o anlsss Lol g 55k c¥oles Ll S e Loyl 1, ol ¥sles a5
A5 GBS (oo Cewd (o155 e (AT e (nl &S Sl Gl
Gins ol ol 0yl Cews 4 Jlaie S5 bl Gl SO Tl les e
bilyd oales oy, ool 5o e sled 4 Olois Ol by, Lol
Lol asdly 2alS &g @ b g a4 aball (225 Gl 0 bgaye (5550
Slax gy Sl eslitul b olKes 5 55 (b S JooSS )3 st o
$3B 90 lae Luwgs 41, S5 (ol 455 alins (o p 4 i
Lty v bwg SUIN & a5 Jlis) saliws 3 DAL (56 aw 5 VY]
azsley [Ye] 56 aw 5 VAl 56 g sloJow Jawgs osilaly dos

1. Admissible Stress Field
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